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Abstract
Previous studies demonstrate that the primary instability of laminar separation bubbles (LSB) on a flat-plate in the absence of
external forcing is a three-dimensional centrifugal one. This work develops a weakly non-linear expansion of the associated
symmetry-breaking bifurcation, showing that it corresponds to a supercritical pitchfork bifurcation. The secondary instability
of the fully 3D bifurcated LSB is then investigated by means of the temporal instability of 3D global modes, computed either as
solutions of a 3D eigenvalue problem, or based on a WKB approximation and the existence of local regions of absolute instability of
the cross-stream planes. Both methodologies recover an amplified global oscillator, originated by the spanwise velocity gradients,
that can explain the origin of the unsteadiness observed in numerical simulations of unforced LSBs with peak reversed flows below
15%. Finally, the manner in which the three-dimensionalization of the LSB due to the primary instability aﬀects its amplifier
behavior is investigated by means of 3D Parabolized Stability Equations computations. The 3D LSBs are found to distort the
incoming plane waves into a more amplified system of oblique waves.
c© 2014 The Authors. Published by Elsevier B.V.
Selection and peer-review under responsibility of ABCM (Brazilian Society of Mechanical Sciences and Engineering).
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1. Introduction
The present eﬀort is primarily concerned with the instability process existing in LSBs in the absence of external
forcing, and the series of flow bifurcations that transform a nominally two-dimensional and steady LSB on a flat
plate (a reasonable model for leading-edge separation bubbles) into an unsteady and three-dimensional transitional
bubble. The absence of external excitation neglects the amplifier behavior of the bubbles, and only self-excited
global instabilities have the potential of initiating the transition process. Recently1 it was demonstrated that the 3D
global instability mode discovered by Theofilis, Hein and Dallmann2 becomes active for LSBs that are significantly
weaker (with a reversed-flow magnitude urev ∼ 7 − 8%) than required for the onset of self-sustained two-dimensional
oscillations (urev ∼ 16 − 20%)3,4.
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Fig. 1. Problem geometry and computational domain.
As a continuation of our previous works5,1, the secondary instability of the three-dimensional unforced LSBs re-
sulting from the amplification of the centrifugal instability is addressed here. A weakly non-linear expansion of the
primary bifurcation is developed, illustrating how the growth of the primary instability gives rise to a fully 3D LSB.
A study of the self-excited instabilities existing in the bifurcated 3D flow is pursued separately by means of 3D eigen-
mode problems6 and by a WKB approximation based on cross-stream sections, extending the global approach of
Huerre and Monkewitz7 to three-dimensional flows. As a second objective, the excitation of external disturbances
by the 3D separation bubble is also addressed. The presence of spanwise gradients in the 3D base flow as well as
spanwise sections with a peak recirculation urev higher than that of the baseline 2D LSB suggests that the primary
centrifugal instability can enhance the amplifier character of the separation bubbles. An extension of the Parabo-
lized Stability Equations (PSE) that considers three-dimensional (with one slowly-diverging direction) base flows,
sometimes referred to as 3D-PSE8,9, is employed in this respect.
2. Model laminar separation bubbles
A non-similar inverse formulation of the boundary-layer equations on a flat-plate is used to obtain the base flows.
The computed base separation bubbles are 2D and steady by construction, and the three-dimensionalization and/or
occurrence of unsteadiness, in the cases in which they appear without external perturbation, are necessarily related to
intrinsic instabilities.
The physical dimensional streamwise x∗ and wall-normal y∗ coordinates, an arbitrary characteristic length in the
streamwise direction L∗, the boundary-layer edge velocity U∗e , and the kinematic viscosity ν∗ are used to define the
boundary-layer variables ξ = x∗/L∗ and η = y∗
√
U∗∞/ ν∗x∗ and a transformed stream-function f (ξ, η) = Ψ/
√
U∗eν∗x∗.
Introducing these variables into the streamwise momentum equation, an equation for the transformed stream-function
f (ξ, η) is obtained. The FLARE approximation, which neglects the streamwise convective term when reversed flow
exists, is used to recover separated states. The boundary-layer equation is written as
fηηη + m + 12 f fηη + m(1 − f
2
η ) = ξ(θ fη fξη + fηη fξ), (1)
where subscripts imply partial diﬀerentiation, and m = ξ/U∗e · dU∗e/dξ is the deceleration parameter, which depends
on ξ. The FLARE approximation appears in this equation as the function θ. This problem is solved subject to the
boundary conditions f (ξ, 0) = 0, fη(ξ, 0) = 0, and fη(ξ, η → ∞) → 1. To avoid Goldstein’s singularity, which
would appear at the separation point if a m(ξ) distribution were imposed, the displacement thickness measured in
the transformed variable η is imposed here as an asymptotic boundary condition f (ξ, η → ∞) → 1 − ¯δ(ξ). An
analytical ¯δ(ξ) distribution is used, which starts at the Blasius value (¯δB = 1.72078), is increased within a finite
x−range until a maximum thickness ¯δmax is attained, and is then decreased until the Blasius solution is recovered
and maintained constant downstream. The analytical definition of this function5 is completely determined by the
coordinates delimiting the region of increased ¯δ, x1 and x2, and the peak value ¯δmax. Figure 1 sketches the model LSB
and the coordinate system x = (x, y, z), where z is the spanwise direction.
The 2D LSB base states (referred to as q0 in what follows) are obtained from the transformed stream-function
f (ξ, η), scaled using the dimensional displacement thickness δ∗in and velocity U∗∞ at an arbitrary streamwise location,
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that will be used as inflow in the computational domain for the stability computations. The base flow dimensionless
velocities are denoted by u¯0 and v¯0. The chosen reference displacement thickness δ∗in corresponds to Rein = 450, and
the respective inflow coordinate is x = 152. In Rodrı´guez et al.1 we studied the primary stability of a series of base
flows; in the present paper we consider only a subset of these cases in which the streamwise extent of the deceleration
is fixed (x1 = 210 and x2 = 320), and the value ¯δmax is varied.
3. Methodologies for linear and non-linear stability analysis of multidimensional flows
This section outlines the theoretical methods for the study of the linear and non-linear stability employed in the
present work; a deeper exposition can be found elsewhere7,6.The flow field q = (v, p)T (where v is the velocity vector
and p denotes pressure) is decomposed into a time-invariant base flow q¯(x) and perturbations q′(x, t).
Temporal stability analysis considers the evolution in time of perturbations introduced at a given instant, in this
context the disturbance form of the Navier-Stokes equations (NSE) can be written in matrix form as:
R∂q′/∂t = Lq′ + F(q¯, q′). (2)
The non-linear term F(q¯, q′) is O(A2) (where A is a measure of the amplitude of the perturbations), and can be
often neglected leading to a linear eigenvalue problem (EVP) for the complex frequency ω. The corresponding
eigenfunctions follow the dimensionality of q¯, and Fourier modes can be introduced for homogeneous directions to
simplify the perturbation functions:
q¯(x, y, z) → q′ = qˆ(x, y, z) exp(−iωt) + c.c.
q¯(x, y) → q′ = qˆ(x, y) exp[i(βz − ωt)] + c.c.
q¯(y, z) → q′ = qˆ(y, z) exp[i(αx − ωt)] + c.c.
q¯(y) → q′ = qˆ(y) exp[i(αx + βz − ωt)] + c.c.
⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭
− iωRqˆ = Lqˆ. (3)
c.c. stands for the complex conjugate. These problems are sometimes referred to in the literature as triglobal (for q¯
depending on three dimensions), biglobal (q¯ depending on two dimensions) and local for base flows depending only
upon the cross-stream direction6. However this definition of local as 1D problems is not precise, as cross-stream
perturbations can result in 2D problems if the flow is inhomogeneous along the two cross-stream directions in a
quasi-parallel approximation.
Many flows exist in which the variation of the mean flow properties along the dominant streamwise direction take
place along distances long compared with those of the disturbances. It has been argued that this hypothesis is also valid
in general for wave-like disturbance waves over LSBs10,4,11. Consequently, we can investigate the local instability
properties at each X-section (capital letter is used to denote a large scale, X 	 x), and then stitch them together using
the multiple-scales or WKB approximation. This methodology can be applied to base flows with strong variations in
one or the two cross-stream directions, as would be the case in the third equation in (3). Two particular methods of
this class are relevant here. The first one studies the existence of self-excited global oscillations, synchronized along
the X direction, based on the existence of local regions of absolute instability7. From the solution of the EVP for
varying X cross-stream sections (either profiles q¯(y; X) or planes q¯(y, z; X)), the dispersion relationD(α, ω; X) = 0 is
obtained. First, the absolute frequency ω0(X) is obtained at each X as the saddle point, where ∂ω/∂α(ω0) = 0. Then,
the wavemaker location Xs is determined from ∂ω0/∂X = 0. The global oscillation frequency is ωg = ω0(Xs). At
leading order, the spatial structure of the oscillator is obtained as:
q′ ∼ A(X)qˆ±(y, z; X) exp
(∫
x′
iα±(X′)dx′ − iωgt
)
+ c.c. (4)
The previous methodologies for the linear stability analysis study the long-term temporal evolution of self-excited
or intrinsic instability mechanisms existing in the flow under consideration, and can be extended in a straight-forward
manner to weakly non-linear regimes close to the neutral conditions; this is done in Section 4 for the 3D global
eigenmode found to be responsible for the primary instability of the unforced LSBs.
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Fig. 2. (a) Temporal growth rate ωi of the primary 3D eigenmode against peak recirculation in the base flow, u0,rev. (b) Bifurcation diagram
corresponding to the primary instability: saturated disturbance amplitude A against u0,rev (negative values of A are not shown). (c) Peak reversed
flow and spanwise velocities of the bifurcated flow, as a function of the amplitude A. Thick line: peak reversed velocity of the spanwise-mean
bifurcated flow; dashed line: peak reversed velocity of the bifurcated flow; dashed-dotted: peak spanwise velocity. All velocities are shown as
percentage of the far-field velocity at inflow.
The second method based on the multiple-scales approach used here considers the spatial evolution of time-periodic
perturbations introduced at a given X-section as they propagate downstream. This method, known as Parabolized
Stability Equations (PSE)8, recasts the NSE as a parabolic marching problem along the slow coordinate X:
q¯(X, y, z)→ q′ = qˆ(X, y, z) exp[i(
∫
x′ α(X′)dx′ − ωt)] + c.c.
q¯(X, y)→ q′ = qˆ(X, y) exp[i(
∫
x′ α(X′)dx′ + βz − ωt)] + c.c.
}
R ∂qˆ
∂X
= Lqˆ + F(q¯, qˆ) (5)
These problems are referred to in the literature as 3D PSE and standard (or 2.5D) PSE. Similarly to the temporal
instability problem, PSE can take into account non-linear interactions between the diﬀerent Fourier modes, through the
coupling term F. The marching algorithm in PSE requires of a normalization condition to isolate the slow variations of
the shape function qˆ from the fast-scale oscillations and spatial growth. Here, the following normalization condition8
is used:∫
y
∫
z
qˆ∗ ∂qˆ
∂X
dydz, or
∫
y
qˆ∗ ∂qˆ
∂X
dy (6)
for the 3D PSE and standard PSE, respectively. The superscript ∗ denotes complex conjugation.
A novel stability code based on the experience of Gennaro et al.12 is employed. Sixth-order standard finite diﬀer-
ences are used for the discretization of the 1D, 2D or 3D linear operators defining the diﬀerent stability problems, and
sparse techniques are used for the data storage and operation. The library MUMPS13 is used for the computation of
the complete LU decomposition of the associated operators, when required. The solution of the EVPs (3) make use of
a shift-and-invert implementation of the Arnoldi’s algorithm. The downstream integration of the PSE (5) is done in the
same manner discussed in Broadhurst and Sherwin9. Most of the results were obtained in a laptop computer featuring
4 Gbytes of Memory. Two-dimensional eigenvalue problems with resolution Nx × Ny = 201 × 121 required around
10 minutes for the computation of the leading 500 eigenmodes. The PSE integration along the considered domain
(x ∈ [152, 500]) for a typical case of 201 streamwise planes and a cross-stream resolution of Ny × Nz = 81 × 41 was
completed in less than 30 minutes. Three-dimensional EVPs were solved in a shared-memory machine with access
to 128 Gbytes of memory. The largest computation performed, with a resolution of Nx × Ny × Nz = 221 × 51 × 21
points, required around 10 hours to compute the leading 2000 eigenmodes using 4 processors.
4. Weakly non-linear expansion of primary instability and bifurcated flow
4.1. Primary instability and weakly non-linear expansion
Rodrı´guez et al.1 showed that the model LSBs q0 first become unstable due to a stationary 3D eigenmode, prior
to the appearance of a linear oscillator for the 2D base flow. The nature of the of the symmetry-breaking bifurcation
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associated with the primary 3D eigenmode is studied by means of a weakly non-linear (WNL) expansion of the center
manifold:
q = q0 + (Aqˆ eiβz + c.c.) + Aq11 + |A|2q20 + (A2q22 ei2βz + c.c.) + h.o.t. (7)
where q0 is the 2D base flow, qˆ is the primary eigenmode, q11, q20 and q22 are flow field components arising from non-
linear interactions, A is a complex scalar amplitude and  is a parameter measuring the proximity to the bifurcation
point, i.e. the neutral conditions for the primary instability. It is assumed that |A|,   1. h.o.t. denotes higher order
terms in the expansion. In a similar manner, the time derivative of A is also expanded in terms of A and , taking into
account the symmetries in the problem:
dA/dt = h11A + h31A|A|2 + h.o.t. (8)
Introducing (7) and (8) in the complete NSE and separating by orders of magnitude in A and , we arrive at diﬀerent
systems of equations for each term in the expansion. The equations atO(1) correspond to the 2D steady base flow q0 at
critical conditions, the solution of which was discussed in Section 2. In this paper, the leading term in , corresponding
to a linear perturbation of the base state, is not included. This term has a limited eﬀect in the bifurcated flow (7) and
no eﬀect at all in the Landau equation (8). Equations at O(A) constitute the linear stability eigenvalue problem at the
critical conditions (3). For this direct EVP, an adjoint eigenvalue problem can be derived using an adequate inner
product. Solutions of the direct and adjoint problems verify the bi-orthogonality condition:
〈q˜k,Rqˆl〉 =
∫
Ω
v˜∗k · vˆl dΩ = Ckδkl, (9)
where indexes k, l enumerate the discrete eigenmodes, the integration domain Ω is defined in the plane (x, y), Ck is
a complex scalar and δkl is the Kronecker delta function. The linear operator R is the same in the definition of the
temporal stability EVP (3). The direct eigenfunction qˆ is normalized so that the peak spanwise velocity is unity.
Equations at O(A) conform a degenerate forced problem, that due to the particular form of the forcing term can
be re-written as the linear stability eigenvalue problem at non-critical conditions. It can be shown that h11 = ωi,
the temporal growth rate of the leading eigenmode under those conditions. The relation between ωi and u0,rev (or
equivalently, ¯δmax) is known from the primary instability analyses and shown in figure 2a.
Equations at O(A2, |A|2) can be separated into two non-degenerate forced problems for the flow field components
q20 and q22. The former is homogeneous in the spanwise direction and is equivalent to the mean flow modification
in Hopf bifurcations in which the time symmetry is broken, while the latter is the first harmonic in the spanwise
wavenumber.
Finally, at O(A3, A|A|2) we have again a degenerate forced problem as some of the non-linear forcing terms are
proportional to eiβz. To avoid the appearance of secular terms, the forcing term must be orthogonal to the leading
eigenmode, which translates in the solvability condition:
〈q˜,−h31qˆ + F31〉 = 0, (10)
where F31 comprises the forcing terms that are proportional to eiβz. The solution of equation (10) delivers the expan-
sion coeﬃcient h31, and completes the normal form of the bifurcation at O(A, A3).
4.2. Pitchfork bifurcation and spanwise-bifurcated flow
The critical conditions for the 3D eigenmode occur for u0,rev ≈ 7.05% and βc = 0.166. The obtained Landau
coeﬃcient h31 = −3.26 dictates that the primary bifurcation is a supercritical pitchfork one, and the truncation to
O(A, A3) suﬃces to estimate the amplitude A at which the growth of the primary mode saturates. This saturation
amplitude defines the bifurcation diagram, shown in figure 2b.
The growth of the primary instability eigenmode gives rise to a three-dimensionalization of the flow field, resulting
in the appearance of spanwise-periodic cellular patterns, as was shown by Rodrı´guez and Theofilis5 by considering
only a reduced expansion truncating at linear order in A. The non-linear growth of a spanwise-homogeneous compo-
nent and a flow-field component corresponding to the harmonic of the primary wavenumber, as predicted by the WNL
expansion, leads to strongly three-dimensional bifurcated flows, even for amplitudes A ∼ 10−2.
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Fig. 3. Imaginary (a) and real (b) components of the global oscillator frequency as a function of the amplitude A, computed for spanwise-averaged
and 3D bifurcated flows q¯2D (circles) and q¯3D (squares).
Two bifurcated flows will be considered in what follows:
q¯3D = q0 + (Aqˆ eiβz + c.c.) + |A|2q20 + (A2q22 ei2βz + c.c.), and (11)
q¯2D = q0 + |A|2q20. (12)
The term O(A) has been omitted as it is negligible with respect to the others for the cases of interest. q¯3D is the 3D
flow field predicted by the WNL expansion, while q¯2D is the spanwise invariant component, equivalent to a spanwise-
averaged bifurcated flow. Three quantities are monitored to illustrate the three-dimensionality of the flow (figure
2c): the peak reversed flow in q¯2D, and the peak reversed flow and spanwise velocities in q¯3D. Stability analyses
of separated flows typically consider an idealized spanwise-averaged base flow, neglecting the influence of spanwise
gradients of the mean flow. Due to the non-linear growth of the q20 component, the spanwise-averaged bifurcated
flow q¯2D and the baseline bubble q0 are distinct. Figure 2c shows that the spanwise modulation of the recirculation
bubble can also be important, and lead to significantly diﬀerent results. The secondary instability of the bifurcated
flows q¯3D and q¯2D will be considered in the next sections to study this eﬀect.
5. Secondary instability of unforced bifurcated laminar separation bubbles
As has been suggested in the literature2,1, the topological changes associated with the three-dimensionality of
LSBs can also trigger unsteadiness in those LSBs in which the peak reversed flow is too weak to sustain a 2D absolute
instability. However, the precise route to unsteadiness in the 3D case, and in particular the existence of secondary
instabilities of the 3D-bifurcated flow, has not been studied before. This is the objective of this section. Two method-
ologies are employed here. The first one is a WKB approximation for the evolution of the 3D global modes along the
streamwise direction, in a manner analogous to Huerre and Monkewitz7, but with the diﬀerence that now solutions
of the 2D EVP problems corresponding to cross-stream sections are involved, as opposed to 1D EVP problems. The
second one is based on the solution of the linear EVP resulting from considering fully three-dimensional eigenmodes
(3), often referred to as triglobal EVP.
5.1. WKB analysis based on cross-stream planes: 3D global oscillator
The streamwise variations of q¯3D are assumed here to happen in a scale which is large compared to the variations
in the cross-stream plane, and study the existence of a global oscillator following from patches of absolute instability.
Rodrı´guez et al.1 showed that the model LSBs (q0) considered here do not sustain such a mechanism, possibly because
the peak recirculation is well below the urev = 15% threshold suggested in the literature3,4 for absolute instability of
this kind of flows. The existence of a global oscillator of this class for the bifurcated flows q¯2D and q¯3D is considered
now, following the procedure outlined in section 3. Figure 3 shows the evolution of the global frequency as a function
of A for the spanwise-averaged and 3D bifurcated flows. In line with the analyses for the initial base flow q0, the
imaginary part of the global frequency ωg is negative for low values of A, denoting a temporal decay of the global
oscillations. The results for the q¯2D and q¯3D are very similar up to some amplitude between A = 0.006 and A = 0.008,
where they suddenly diverge. Substantial diﬀerences appear as A is increased further: the imaginary part of ωg
approaches zero rapidly and the oscillation frequency decreases for q¯3D, while very small variations are observed for
84   Daniel Rodrı´guez and Elmer M. Gennaro /  Procedia IUTAM  14 ( 2015 )  78 – 87 
0 0.05 0.1 0.15
−0.02
−0.01
0
0.01
0.02
ωr
ω
i
3D
2D: β = 0
2D: β = β
c
−0.02 −0.01 0 0.01 0.02
−15
−10
−5
0
5
x 10−3
ωr
ω
i
Fig. 4. Temporal stability eigenspectra for the base separation bubble at critical conditions (A = 0). Black dots: Solution of 3D eigenmode problem
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eigenmode problem for 3D perturbations with β = βc. In all cases the domain in the (x, y)−plane is x ∈ [152, 450], y ∈ [0, 60] and the resolution
Nx × Ny = 221 × 51. In the 3D eigenmode problem, the spanwise resolution is Nz = 15.
0 0.05 0.1 0.15
−0.02
−0.01
0
0.01
0.02
ωr
ω
i
−0.02 −0.01 0 0.01 0.02
−5
0
5
x 10−3
ωr
ω
i
Fig. 5. Temporal stability eigenspectra for the bifurcated LSB at A = 0.014, obtained as solution of 3D eigenmode problem. Domain: x ∈
[152, 450], y ∈ [0, 60], z ∈ [0, 2π/βc]. Resolution: Nx × Ny × Nz = 221 × 51 × 21.
q¯2D. This diﬀerence in the global frequencies for spanwise-averaged and 3D flows is motivated by a change in the
dominant eigenmode found in the local cross-stream sections for A > 0.006: the spanwise velocity gradients in the
q¯3D give rise to additional inflectional instabilities, dominated by ∂u¯/∂z instead of ∂u¯/∂y, that eventually dominate.
For A > 0.0127, the 3D global mode is unstable and a global oscillator exists. At the critical conditions, A = 0.0127,
the peak reversed flow at certain spanwise locations within the 3D steady bubble exceeds 18% of the free-stream
velocity, comparable to results for 2D wall-bounded separated profiles3,4. The streamwise sections where the peak
reversed flow values are attained coincide approximately with the position of the wavemaker Xs cross-section for the
3D flows. This contrasts with the location of the less damped oscillators for the spanwise-averaged flows, which is
close to the section of higher displacement thickness.
Figure 6a shows the streamwise velocity field corresponding to the global oscillator for A = 0.014, characterized
by ωg = 0.1039 + i0.0078. The streamwise velocity contours in the plane x = 292, corresponding to the wavemaker
location, are also shown.
5.2. Solutions of the 3D eigenmode problem
Figure 4 shows the eigenvalue spectrum obtained by a 3D eigenmode computation for the spanwise-homogeneous
base flow q0. The computational domain was x ∈ [152, 450], y ∈ [0, 60], z ∈ [0, 2π/βc], and the spatial discretization
was Nx × Ny × Nz = 221 × 51 × 15. Two additional sets of eigenvalues are plotted overlapped, corresponding to
2D eigenmode EVPs with the same computational domain and discretization in the plane (x, y), and β = 0 and
β = βc respectively. The Krylov-subspace dimension of 2000 was used in the three EVPs. A nearly perfect match is
obtained between the eigenvalues of the 2D problems and the leading eigenvalues of the 3D problem. As expected,
the wavenumber βc is found to dominate the low-frequency range (ωr < 0.02), while the plane perturbations (β = 0)
are less-stable/more unstable for the higher frequencies. Convergence checks not reproduced here show that the
low-frequency part of the eigenspectrum is relatively well converged at this resolution: the 10 eigenvalues closer
to ω = 0 keep the first 4 digits unchanged if the resolution Nx × Ny × Nz = 131 × 71 × 21 is used. However,
most of the eigenspectrum and particularly the unstable branches of high-frequency eigenmodes are known to be far
from convergence. In Rodrı´guez et al.14 we showed for 2D eigenmode analyses of the same base flows that these
branches become gradually stable as the resolution in the streamwise direction is increased. Using up to Nx = 1800
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Fig. 6. Streamwise perturbations corresponding to 3D global modes of the bifurcated flow q¯3D at A = 0.014. (a) Global oscillator obtained by
WKB method on cross-planes (ωg = 0.1039 + i0.0078); the wavemaker section is also shown. (b-d) 3D eigenmodes computed from the EVP and
highlighted in figure 5: (b) ω = 0.105 + i0.0075, (c) ω = i0.0027, (d) ω = i0.0026. Green: u¯3D = 0. Blue/red: uˆ = ±0.1|uˆ|max.
discretization points it was not possible to achieve convergence of these eigenmodes, and we do not expect them to be
converged here using a maximum of Nx = 221 for the 3D eigenmode computations.
Figure 5 shows the eigenspectrum corresponding to the 3D-bifurcated flow at A = 0.014. The two leading sta-
tionary eigenmodes (denoted in the figures by blue and red circles respectively) are neutral at A = 0, and can be
associated with the primary instability eigenmode. As A increases, they become amplified but with very small growth
rates, reaching a maximum of ω = i0.0026 for A = 0.014. This might be a result of the truncation in the WNL
expansion, in which higher-order terms were neglected. Additional converged eigenmodes are unstable for A > 10−2,
characterized by very low frequencies and growth rates. Their physical meaning is currently not understood, but due
to their very low growth rate compared to that of the global oscillator, they are not expected to play an important
role. Finally, the eigenmode shown by a blue square in figure 5 has complex frequency ω = 0.105 + i0.0075, which
is strikingly close to the global frequency ωg = 0.1038 + i0.0078 found by the WKB analysis. As noted before, it
is not possible at present to estimate how far is the eigenvalue from convergence, so that their similarity could be
a coincidence. However, their respective streamwise velocity components (6a and 6b) are nearly indistinguishable,
building confidence that they correspond to the same physical mechanism.
6. Amplification of external disturbances
Separation bubbles have the potential to amplify external disturbances in a explosive manner: the orders-of-
magnitude amplitude growth resulting from convective instability mechanisms typically leads to strong non-linear
phenomena and transition to turbulence, even at low excitation levels10,3,15,16. Some researchers investigated the ori-
gin of three-dimensionality under these circumstances, attributing it mainly to secondary instabilities of the spanwise
vortices shed from the bubble4,16. Rist and Maucher17 investigated the non-linear interactions occurring when two
oblique waves were excited, finding that the transition occurred in an abrupt manner (which they termed oblique
breakdown) more similar to the experimental observations, than under other forcing conditions in which the dominant
component was 2D.
Here we investigate the linear amplification of external disturbances by the spanwise-bifurcated LSBs resulting
from the amplification of the intrinsic three-dimensional eigenmode. While the amplifier character of the bubble is
expected to dominate the physics under these conditions, it is however possible that the spanwise modulation caused by
the centrifugal instability of the mean separation bubble alters significantly the manner in which the amplifier behavior
is manifested. In this respect, it is worth noting that experimental and numerical studies observed the spontaneous
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Fig. 7. Maximum amplification of external perturbations by the 3D-bifurcated LSBs, computed by 3D-PSE. (a) Maximum N−factor. (b) Frequency
for the maximum N-factor.
Fig. 8. Streamwise perturbations corresponding to the linear amplification of plane T-S waves imposed at x = 152, for the 3D-bifurcated LSB flows
q¯3D at A = 0.004 (a) and A = 0.012 (b). The frequencies are ω = 0.1275 and 0.097, respectively. Green: u¯3D = 0. Blue/red: uˆ = ±0.1|uˆ|max.
appearance of streamwise streaks18,19 or three-dimensionality15 underlying the dominant convective instability and
without explicitly imposing them.
The 2D and 3D bifurcated flows (equations 11 and 11) are considered as the base state in the standard and 3D PSE
(5) approaches. For each frequency, the dominant plane wave obtained by a local spatial instability EVP is imposed
at the inlet cross-section, chosen as x0 = 152. At this cross-section, the base state is a 2D zero-pressure-gradient
(ZPG) boundary-layer with Reynolds number based on displacement thickness equal to 450, and the corresponding
perturbation is a marginally stable Tollmien-Schlichting (T-S) wave. As noted by Refs.10,15, the disturbances observed
in the separated shear layer, excited there by the Kelvin-Helmholtz mechanism, are already present upstream of the
deceleration. The choice of the simple plane T-S waves is done here considering that other perturbations (including
oblique waves) are damped faster within the stable region of the ZPG boundary layer.
The boundary layer being marginally stable upstream of the bubble, all waves are initially damped. They start to
amplify in the vicinity of separation and exhibit a nearly constant linear amplification rate along the separated region.
After reattachment, a marginally stable ZPG boundary layer is recovered and decay is observed for all frequencies.
Figure 7 shows the maximum N−factor (N(x) = log(qˆ(x)/qˆ(x0))) and the corresponding dimensionless frequency for
the 2D and 3D-bifurcated flows, as a function of A. Both q¯2D and q¯3D become more unstable as A increases, but results
for the spanwise-averaged flow clearly underestimate the amplification of the disturbances, as well as the reduction of
the most amplified frequency.
Figure 8 shows the streamwise velocity fields corresponding to the most amplified frequencies for A = 0.004 and
A = 0.012, obtained by 3D-PSE computations. The contours have been scaled to represent comparable structures.
Due to the strong amplification of the disturbances, structures are only visible around the LSB, but plane T-S waves
exist in the boundary layer upstream of separation. In the case A = 0.004, the disturbance waves remain approximately
homogeneous in the spanwise direction. On the other hand, the spanwise modulation of the separated shear-layer in
the case with A = 0.012 distorts remarkably the shape of the waves, giving rise to a oblique pattern. This change in
the orientation of the waves is accompanied by a reduction in the most amplified frequency (from ω = 0.1295 for
A = 0 to ω = 0.097 for A = 0.012), as well as an important increase in the total linear amplification (from N = 8.94
for A = 0 to N = 9.93 for A = 0.012).
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7. Conclusions
Laminar separation bubbles sustain an intrinsic 3D instability which dominate the flow physics in the absence of
external forcing. The weakly non-linear analysis shows that it corresponds to a supercritical pitchfork bifurcation that
breaks the spanwise homogeneity of the base 2D bubbles generating spanwise gradients that modify the instability
properties of the resulting 3D bubble. Secondary instability analyses of unforced bifurcated flow performed by 3D
eigenmode analysis and WKB analysis based on cross-stream planes recover independently the same global oscillator.
The structure of the velocity fluctuations suggests that this mode can be related to the origin of the transitional struc-
tures observed in the literature3,18. The spanwise modification of the LSBs also alters the manner in which external
disturbances are amplified. 3D-PSE results show that plane TS waves at inflow develop into an oblique pattern with
stronger linear amplification, that can promote O-type transition17 without explicitly forcing incoming oblique waves.
The results presented for both the forced and unforced cases show that considering a spanwise-averaged base flow in
the secondary instability study does not recover the global oscillator, and also underpredicts the linear amplification
of external disturbances. Finally, it should be remarked that present study considers only linear or weakly non-linear
methods. A fully non-linear study is necessary in order to verify these results and complete the understanding of the
physical picture put forward here. Non-linear direct numerical simulations are currently underway.
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